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Finite Volume Radiative Heat Transfer Procedure
for Irregular Geometries
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A finite volume method for irregular geometries is presented in this article. The capability of the procedure

is tested using five test problems. In these tests, transparent, absorbing, emitting, and anisotropically scattering
media are examined. The solutions indicate that the finite volume method is a viable solution procedure for

radiative heat transfer processes.

Nomenclature
a = coefficient in the discretization equation
b = source term in the discretization equation
D/; = defined quantities, Eq. (6)
e, = oT}
1 = actual intensity
M = total number of control angles
i = outward normal of the control volume faces
A, R, = unit vectors in x and y directions
q = heat flux
7 = gloT}
s = distance traveled by a beam
St = modified source function, Eq. (2b)
T = temperature
X, y,z = coordinates directions
B = extinction coefficient, k + o
18 = modified extinction coefficient, Eq. (2a)
AA = area of the control volume faces
Av = volume of the control volume
Ax, Ay = control volume widths in x and y directions
AQ = control angle, Eq. (6g)
€ = emissivity
n, & = curvilinear coordinates
0 = polar angle, Fig. 1
K = absorption coefficient
g = scattering coefficient or Stefan—Boltzmann
constant
P = scattering phase function
¢ = azimuthal angle, Fig. 1
w = scattering albedo
Subscripts
b = blackbody
c = cold
E, W, N, S = east, west, north, and south neighbors of P
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e,w,n,s = east, west, north, and south control volume
faces

8 = gas

h = hot

P = control volume P

X, y, 2 = coordinates directions

Superscripts

L0 = angular directions

Introduction

VER the last two decades, the control-volume approach’

has been used in the modeling of fluid flow and heat
transfer related processes. Initially, these solutions were per-
formed using Cartesian and cylindrical coordinate systems. A
procedure to model irregular geometries using these regular
coordinate systems was developed by Patankar' and has been
used to model irregular geometries successfully. However,
this procedure approximates the irregular geometries, and
fine grids are sometimes needed to capture complex irregular
geometries. To handle irregular geometries with minimal ap-
proximation, a number of control-volume fluid flow solution
procedures for complex geometries have been proposed. These
include the control-volume formulation,>-¢ as well as the con-
trol-volume finite element formulation.”#

In the modeling of combined mode heat transfer processes,
it is convenient to use a radiative heat transfer calculation
procedure capable of sharing the same computational grid
with the control-volume computational fluid dynamics (CFD)
approach. This eliminates the need to interpolate the tem-
perature and the divergence of heat flux during the iteration
process. The procedure presented in this article can also be
used even when the radiative transfer grid is different than
the fluid flow grid.

Raithby and Chui®'® presented a finite volume method
(FVM) for radiation heat transfer. A higher-order spatial dif-
ferencing scheme was used by Raithby and Chui, and their
procedure was applied to rectangular and cylindrical enclo-
sures. The procedure was extended to general nonorthogonal
coordinates.!! They employ the computational module used
in the control volume finite element method (FEM) of Baliga
and Patankar,” and Schneider and Raw.?

Chai et al. presented a FVM for a Cartesian coordinate
system. In this approach, the radiant energy is assumed con-
stant across the entire control surface. The step and modified-
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exponential'? schemes are used as the spatial differencing
schemes. Other spatial differencing schemes can also be used.
This procedure was tested on two- and three-dimensional ge-
ometries. It was shown that the procedure is capable of han-
dling transparent and absorbing-emitting-scattering media. The
procedure can also be adapted to model irregular geome-
tries. '

Fiveland and Jessee presented finite element'® and control-
volume finite element'® discrete ordinates methods. Testings
of the formulations on irregular geometries are still needed.

The purpose of this article is to extend the procedure pre-
sented in Chai et al.'? to model irregular geometries using
general curvilinear coordinates, also known as body-fitted-
coordinates (BFC). This procedure is designed to be com-
patible with the control-volume formulations.?—¢

The remainder of this article is divided into three sections.
The governing equation and the FVM in curvilinear coordi-
nates are presented. This is followed by the presentation and
discussion of five test problems. Finally, some concluding
remarks are given.

Formulation of the Discretization Equation

The linearized equation of radiative transfer can be written
asll.l}

dar’
— = -BLI' + §! 1
= Bl + S, M

where the modified extinction coefficient and the modified
source term are

L= B~ - OUAQ (2a)
41

L

SLo=kl, + — S [r@rAQr (2b)
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To discretize the equation of transfer, a finite volume prac-
tice is used. The next few sections describe the FVM in cur-
vilinear coordinates.

Design of Control Volumes and Control Angles

In this study, the spatial domain is divided into a finite
number of quadrilateral volumes using practice B of Patan-
kar.! Figure la shows a typical discretized spatial domain.
The dashed lines are the boundaries of the control volumes,
and the nodal points are located at the center of the control
volumes. To avoid clustering, boundary nodes are not shown
in Fig. 1a.

The control angles used in this study are the solid angles
proposed by Raithby and Chui.” These control angles are used
by Chai et al.'? Following the control volume spatial discre-
tization practice, the angular space is subdivided into N, X
N, = L control angles. Figure 1b depicts a sample angular
discretization using a unit hemisphere.

Discretization of the Equation of Transfer

Integrating Eq. (1) over a typical two-dimensional control
volume Av (Fig. 2a), control angle AQ/ (Fig. 1b), and applying
the divergence theorem,'? Eq. (1) becomes

f 1'(s"- ) dA Q' = f (—BL1" + S.) dv dQ!
Al Jaa Aol Jay
3)

The left side of Eq. (3) represents the inflow and outflow
of radiant energy (within a control angle) across the four
control volume faces. The right side denotes the attenuation
and augmentation of energy within a control volume and a
control angle. Following the practice of the control volume

b)

Fig. 1 Samples: a) spatial discretization (boundary nodes not shown)
and b) control angle.

approach, the magnitude of the intensity is assumed constant
within a control-volume face, a control volume, and a control
angle. Under these assumptions, Eq. (3) simplifies to

4
2 HAA, | §R) dO = (=BLI+ S,
i=1 AQ!

YAPAQY  (4)

where #; are the unit outward normal vectors shown in Fig.
2a. In Eq. (4), the radiation direction varies within a control
angle, while the magnitude of the intensity is assumed con-
stant. For Cartesian coordinate computation, this practice
integrates the zeroth-moment correctly, irrespective of the
number of control angles and their arrangement.

In general curvilinear coordinates it is possible to encounter
situations with three inflows and one outflow, or vice versa.
One such situation is depicted in Fig. 2b. Therefore, the dis-
cretization equation should allow for such a situation.

From the experiences of Chai et al.,'” the step scheme is
chosen as the spatial differencing scheme. Other spatial dif-
ferencing schemes can of course be used. A general discre-
tization equation can be written as

alb ll, = al Iy, + atly + all + alI%y + b’ ®)
where

ay, = max[—AA, DL, 0],
als = max[—AA,D’,, 0],

sy

al, = max[AA, D!

cwr

al> = max[—AA, D!, 0] (6a)

ay = max[—AA,D/,, 0] (6b)
0] + max[AA, D!, 0]

ces

+ max[AA D!, 0] + max[AA,D.,, 0] + (B%,)pAvAQ!
(6c)

b = (S],)pAvAQ! (6d)

Il

15 — Sl ph 7 1 &l py i
DI, L“I (s'-n,) dQ/, D!, L“I (s'-n,) dQ’  (6e)

Di, = f (8'-A,) dQ', D!, = j (§'-A,) dQ'  (6f)
aq! Aql

(bl+ olt
AQ = L” J;Ii sin § d6 d¢ (6g)
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Fig. 2 a) Two-dimensional contrel volume, b) a possible radiation
direction, c¢) a typical control velume and radiation direction, d) a
possible angular discretization in complex irregular geometries, and
¢) a general point on a curvilinear coordinates line and the pesition
vector r.

For the situation shown in Fig. 2c, Egs. (§) and (6) reduce
to

AyD! Iy + AxD! I + (S,),AvAQ)

m

7
F AyD!, + AxD!, + (Bl)pAvAQ! @)

"

which is the discretization equation reported in Chai et al.'?

For simple irregular geometries, the control angles can be
designed to match the boundaries of a control volume, and
Egs. (5) and (6) are sufficient to describe the problem. How-
ever, this treatment is impractical and at times impossible in
complex irregular geometries. In such circumstances, the sit-
uation depicted in Fig. 2d is almost unavoidable. Since the
boundary intensities are approximate in nature, a strict re-
quirement for the interpolation of these control angles does
not guarantee added accuracy, but increases the computa-
tional time considerably. Therefore, Eqs. (5) and (6) are used
as the discretization equation for the nodal intensity.

Treatments of anisotropic scattering and collimated inci-
dence are described by Chai et al.'? and are not repeated
here. Simple irregular geometries can be modeled using the
blocked-off region approaches described by Sanchez and Smith'*
and Chai et al.'

Other Related Quantities

In this section, the transformation relations from the Carte-
sian coordinates to a general coordinate system are presented
for completeness. Readers interested in a more rigorous pre-
sentation on this topic should refer to Thompson et al.'” or
other literature on tensor algebra.

For the purpose of this discussion, Fig. 2e shows a point
on a curvilinear coordinate line and the position vector r. The
unit normal vector A; and the area (with Ay = 1) for the east
control surface can be evaluated as

1 {ay ax
i, = — | —#a, — —a,|, AA, = h 8
nL hn <(97] nx 67] n}) n ( )

where

~ —(”.—X:— 2 8_y 2172
o = [<Hn> ’ <6n> ] ©

Similarly, the unit normal vector #, and the area (with A¢ =
1) for the south control surface can be evaluated as

1 )% ax
A, = — | ——< R+ A, AA, = h, 1
A, . < py: A, py: n_‘> . P (10)

where

B ()_x 2 _(')z 29 1/2
he = [((E) - (agﬂ (1)

The volume of a control volume is

ox 0y dx dy
Ay = —— — — = 12
Y aéon  In dé (12)

This completes the formulation of the FVM in general cur-
vilinear coordinates.

Solution Procedure

In the solution of Eqgs. (5) and (6), a zero intensity or a
suitable intensity field is used as an initial guess. A marching
order can be created by examining the position of each control
volume relative to its neighbors; however, it is not adopted
in this study. In most practical situations, iterations are needed.
The practice adopted in this study is to sweep all control
volumes from all four corners of the domain. This practice
converges rapidly in most situations. A solution is deemed
converged when it satisfies the following constraint:

}
|\ — 1

= 10-° (13)

where 17 is the intensity from the previous iteration.

Sample Calculations

All two-dimensional problems reported in Chai et al.!> were
repeated using Cartesian grids. As expected, the solutions
reported in the paper were reproduced. In the following sec-
tions, five test problems are presented to show the capability

of the present procedure. More comparisons can be found in
Chai.”

Isothermal Absorbing—Emitting Medium in a Square Enclosure

This problem consists of an absorbing—emitting medium
maintained at a constant temperature T,. The black, square
enclosure is kept at 0 K, and the absorption coefficient is
taken as 10 m~'. The width and height of the enclosure are
1 m.

The spatial domain is discretized into 10 x 10 control vol-
umes in the x and y directions, respectively. The angular
domain is discretized into 2 x 8 control angles in the 6 and
¢ directions, respectively. Four different spatial grid layouts
are used and are shown in Fig. 3. These are an orthogonal
and three nonorthogonal grids. Figs. 3b and 3c are designed
to study the effect of grid skewness, while Fig. 3d is devised
to examine the effect of curvature.

Figure 4 shows the dimensionless heat flux on the left wall
obtained using these four spatial grids. It can be seen that the
exact solution is reproduced reasonably well using 10 x 10
control volumes. In Fig. 4, the exact solution and the solution
obtained using the orthogonal grid show the actual values,
and the other curves are displaced for clarity.
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Fig. 3 Four computational grids (all sides are 1 m): a) orthogonal,
b) non-1, ¢) non-2, and d) curved.
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Fig. 4 Dimensionless heat flux on the left wall.

Quadrilateral Enclosure

Figure 5a shows an irregular quadrilateral enclosure (all
dimensions are in meters). Similar to the square enclosure,
the absorbing~emitting medium is maintained at T,. The black
walls are kept at 0 K and three absorption coefficients, namely,
0.1, 1, and 10 m~! are studied.

Figure 5b shows the dimensionless net heat flux at the bot-
tom wall. These results were obtained using 10 X 10 control
volumes and 2 X 8 control angles. It can be seen that the
present procedure has captured the physics of the problem
with relatively coarse spatial and angular grids.

The CPU times for the above runs were 0.22 and 0.057 s
on a 66-MHz Pentium personal computer and Cray C-90,
respectively.

Rhombic Enclosure

Figure 6a shows a rhombic enclosure and its computational
grid (again, all dimensions are in meters). The bottom wall
is hot (e, = 1), and the other three walls as well as the medium
are maintained at 0 K. The medium absorbs and scatters
energy. Figure 6b shows the right wall heat flux distributions
for two scattering phase functions, (isotropic and F12!), and
various scattering albedos (w = o/B). In the above studies,
the extinction coefficient 8 is taken as 1 m~'. The spatial and
angular domains are discretized into 10 X 10 control volumes
and 4 X 16 control angles. Figure 6b shows that the present
results compare very well with the Monte Carlo solutions of
Parthasarathy et al.>

Table 1 shows the CPU times used in the computations.
The Monte Carlo method (MCM) CPU times are for a Cray
C-90. The FVM CPU times are reported for runs made on
66-MHz Pentium and Cray C-90 computers. Table 2 lists the
top wall heat fluxes for two scattering albedos obtained using
the MCM and the FVM, respectively.

Curved Geometry No. 1

Figure 7a shows a quarter of a circle with a rectangular
region added to the top. The spatial domain is discretized
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Fig. 5 Quadrilateral enclosure: a) schematic and computational grid
and b) dimensionless heat fluxes on the bottom wall.

'I'I"""I

a)

05

=" Monte-Carlo Method

0.4 g T 7 7 MIOTHETLEAND MISIHOU L.
\ O ® Present
0.3

o ’ [ \ i o = 1{ Isotropic
-
02 36\q\\> @.=.08. F1
~
- = 0.5 Isotropic
» o ;
A S U4

'-&._._
SO Sres

0 0.2 0.4 06 0.8 1
b) y' (m)

Fig. 6 Rhembic enclosure: a) schematic and computational grid (all
lengths are in meters) and b) heat flux distributions at the right wall.

into 35 X 35 control volumes and Fig. 7b shows a sample
computational grid. The angular space is discretized into 4 X
24 control angles in the 8 and ¢ direction, respectively. The
curved wall is hot (e, = 1), while the other walls are main-
tained at 0 K. The cold medium (7, = 0 K) absorbs and
scatters energy anisotropically. The F2 phase function of Kim
and Lee?! is used. Figure 7c shows the heat fluxes on the right
wall for two scattering albedos (w = o/B). Comparisons with
the Monte Carlo? solutions are very satisfactory.

Curved Geometry No. 2
Figure 8a shows the schematic of a test problem commonly
used in CFD studies.? The top wall is located at y = 1.0 m,
whereas the bottom wall varies according to
y = i[tanh(2 — 3x) — tanh(2)] 0=x=% (14
Figures 8a and 8b show samples of BFCs and the blocked-
off region'* grids. The bottom black wall is maintained at
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Table 1 CPU times® for the Monte Carlo

and FVMs
Monte FVM
[ Carlo® 10 x 10¢ 25 x 25¢
0.0 — 0.7/0.2 3.96/1.18
0.5 107.32 7.95/1.07 47.95/5.9
1.0 144.16 11.7/1.59 71/8.82

“In seconds.  *Cray C-90 CPU times. 66 MHz Pen-
tium PC/Cray C-90 CPU times.

Table 2 Top wall heat fluxes for a rhombic enclosure

w = 0.0 w =105
X MC FVM MC FVM
0.02 0.5221 0.5304 0.3275 0.3298
0.06 0.5583 0.5556 0.3492 0.3468
0.10 0.5739 0.5738 0.3620 0.3592
0.14 0.5878 0.5862 0.3681 0.3678
0.18 0.5928 0.5940 0.3723 0.3735
0.22 0.5957 0.5984 0.3780 0.3768
0.26 0.6026 0.6003 0.3830 0.3874
0.30 0.6077 0.6005 0.3806 0.3785
0.34 0.6049 0.5982 0.3850 0.3775
0.38 0.6020 0.5949 0.3801 0.3753
0.42 0.5932 0.5902 0.3727 0.3720
0.46 0.5869 0.5841 0.3702 0.3677
0.50 0.5728 0.5765 0.3619 0.3624
0.54 0.5657 0.5674 0.3541 0.3559
0.58 0.5600 0.5564 0.3470 0.3482
0.62 0.5416 0.5437 0.3386 0.3392
0.66 0.5212 0.5287 0.3230 0.3287
0.70 0.5041 0.5108 0.3113 0.3164
0.74 0.4775 0.4896 0.2967 0.3019
0.78 0.4617 0.4642 0.2791 0.2849
0.82 0.4287 0.4341 0.2598 .2651
0.86 0.3944 0.3987 0.2386 0.2421
0.90 0.3504 0.3573 0.2101 0.2159
0.94 0.3086 0.3098 0.1827 0.1864
0.98 0.2358 0.2556 0.1432 0.1534
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Fig. 7 Curved geometry no. 1: a) schematic, b) BFC grid, and ¢)
heat flux distributions on the right wall.

1000 K while the other black walls are kept at 0 K. The cold
(0 K) medium absorbs and scatters energy isotropically with
an extinction coefficient of 1 m~'. A total of 40 X 40 and 40
x 60 control volumes are used in the present and the blocked-
off region solutions, respectively. Both solutions are carried
out using 4 X 24 control angles in the 6 and ¢ directions.
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Fig. 8 Curved geometry no. 2: a) BFC grid (all lengths are in meters),
b) blocked-off region grid, and c) heat flux distributions on the top
wall.

The heat fluxes at the top wall for purely absorbing and purely
scattering media show excellent agreements (Fig. 8c).

Concluding Remarks

This article shows that the FVM can be used to model
irregular geometries using nonorthogonal control volumes.
Using this procedure, control volumes can be designed to
capture irregular geometries accurately.

The procedure was applied to five test problems and ac-
curate solutions were obtained. From the basis of the results
presented in this article, more extensive testing of the FVM
can now be attempted.
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